2009-04—-23 Lecturer: Bengt E W Nilsson
Chapter 12: The relativistic quantum open string

e Derive the commutation relations for the modes in the expansion of z?.

e Define the normal ordered transverse Virasoro generators.

e Compute the Virasoro algebra.

e Check the Lorentz algebra.

We will try to do it in two lectures.

Recall the result obtained using the general n, gauge from chapter 9. Klein-Gordon equation

. . ) 2 1 1. .
@t — (z")" =0, constraint (¢ £ 2')” =0, momenta P7" = — — g’ ¥, P™ = _—— g#. Everything

looks nice and covariant.

Now we go to the light-cone gauge. n,=(1,1,0,0,...,0) =
¥ (r,0)=2a'T
p+0’=ﬂ'/ do’ P7T
0
So (& +a')’=0=
2
—2(¢+ix'+)(¢*ix'*)+(¢Iix'1) —0

2T =0, 2T =2a'pt +0.

Add these two equations =

= Independent canonical pairs are (z/(0), P™(0)), (zq,p").
So [z, pt]=—1.

[2!(0), PT(0")]| =16"76(0 — 0”)
All others =0.

Hamiltonian.

T =2a'ptr

0 0
= _— :2 Imt
or ~ P oat
—~—
—H —p~

= H:2a'p+p_:2a’p+/ do P"~(0)=
0

= 7ro//07T do (PTI(T, o) PTl(r,0)+ 2(r,0)a" (7,0) )

(2ma’)?



This 7 dependence is not really there. H is 7 independent.

Note: from chapter 9:

L= o _al vn
pEZ
and
20 a) :%L#

In particular

1 _
Ly = 5 Z ol jab=v2a' ptag =2a'ptp =H
pPEZ
ay =V2a'p.
So H = Li. Note: In Lg each term is ambiguous since a{o and aﬂp don’t commute! = A proper

definition later.

Equation of motion

10 =0, H]

xi(T,o):iﬂéI(T,U)Z[xl(TaU)aH} =

J J
=1a’ T o’ xI T O TJ .0’ TJ .o z’ (T’ 0/)%/ (Ta UI)
- /O d [ ( ’ )a P ( ’ )P ( ’ ) + (27((}/)2

The last term is zero since [2/(7,0), 2" (7,07)] :%[xl(r, o),z (r,0')] =0.

il(r,0)=2ma’ P™"(1,0): OK.

Do it for P™ also:

PTI:%(?;(T, U)

=——1
2o’

This gives the Klein—-Gordon equation. OK.

12.2: Commutation relations for oscillators
Recall

2l(7,0) =2l +V2a afr +iv2a’ E L al cosno e "7
n
n#0

:L"I:\/QO/E al cosnoe™ "7
Z
= ne
I . . _
' =—1v2a’ g al sinnoe="7

nez

=il +2" =2 Z Qpe” MTE)
nez
valid for o € [0, 7].



However, the right-hand side has a natural periodicity 27 (not 7), suggesting that

. (.Z"I—I—.Z'/I)(T,O‘) for o €0, 7]
\/ﬁ Z 05711 e—ln(‘r—i-a) _

ne? (Jél—x’l)(T,—a) foro €[ —m,0]

Now we want to use this to get the canonical commutation relations for the oscillators. Start
from

[2!(7,0), P (T,0")] =i6"6(0 — o)

= [2!(r,0),27(1,0")| =2ma’i1675(0 — o)
0o =

,T/I(T,O’),.Z'"](T,O’/)} =2na’ 1517 0,0(0 — o)
We also have

[#',2] =0 and [PTI,PT']}N[:éI,:éJ}:O
Then

[&+a', &+a'] =+4ria’ 0170,0(0 — o)

(r,0) (1,07)

and
[2 £2', 2 F2']=0.
Insert these results for 0,0’ € [0, 7]

[(:C Jrl,/>(7_70>7 (:C +1,/>(7_70/>] :20[/2 e—in(r-i—a)—in(‘r-i—a/)[af“QT{J —

=4na’'i6170,6(0 — o’)

Now we can the previous extension to [ — 7, 7] since in fact this equation is valid for the whole
27 do ino
—e"r=4

range: Use [ o—

n,0 etc. Then

27 2 /
[a{l, a;ﬂ =27 5”/ g—;eina/ eina/%&jé(o —o') =216, 400
0 0

[a{l,a;ﬂ =218 N8 m o
Defining
1
aflz—noz,],, n>0
1
ajfz—no/_n, n>0

12.3 Strings as harmonic oscillators

Note that if we use the action

_ 1 i Ay A
S_/deUE__4ﬂa//dT/0 da(xm " x )



n=diag(—1,1); n®#0,z05x!.

= P = 27:(1 2+ OK

s I\ 2 1 2
= H:/O da(wo/(P ) +k7ro/(xll) ) Correct

12.4: Transverse Virasoro operators

So far we have understood x! in detail (there is no constraint here). What about z*(r, o) and
x = (r,0)?

v at(r,0)=2a'ptT
x7: x(r,0)=z5 + V2 ag T+iV2a Z la; e~ "7 cosno
n#0 "
Using (2 £2/)?=0=
I
V2a' Q, = 2p+ Z al_ pap_ +L
PEZL
L;- are the transverse Virasoro generators! Note that Lg; has been defined.
o0
Lo: Z a_papzz (a—pap+apa_p)

pEZ p=1

If we change order of these oscillators in Lg:

i ohal =3 ol S (D-2)n

n=1 n=1 T.index
=N
o0 oo
Z =(D-2) Z n = strange constant.
n=1 n=1

mdex

Is this strange constant important? Yes!
_ 1
M?=—p?=2p*p” - plp' = — Lo - p'p’
so the constant will affect the mass.

e L will enter the Lorentz generators and the constant will affect the Lorentz algebra.

The way to keep track of this constant

S
If

72)Zn

We will define Lg by normal ordering.

oo
T= 2Zanan::: %aéa(l)—l—%zlan 22 ana n
n=

nezZ
%,_/
normal not normal
ordered ordered,
flip



1.1 . —_ I _I
Use : ana’, : =a_,q;, to get

1
1 I.1 I I
Ly —anao—i— E a0,

n=1

This means that a will appear explicitly in all formulae:

20’ p~ EPLJF(L(J)‘ +a)

and
1~ 1
= Za,nan—i—a
n=1

This quantum spectrum is discrete and its lowest mass value is determined by a. Using now the
Riemann ((s):

00
= E nfs
n=1

This is convergent for Re(s) > 1. The Riemann ((s) has an analytic continuation to all s. Then
it gives

(=1)=> n=-
:a:—2—14(D—2)

Lowest mass squared is negative: tachyon! It means that the theory is unstable.

Properties of L;:
(LH)'=1%, vn
They generate a Lie algebra.
1) U(1),SU(2),SU(3), ..., Eg are finite Lie algebras.
2) Virasoro algebra is infinite-dimensional.
Let’s try to get the algebra.
1. [Lin, i ] =, first for m#0 and n #0.

1
[Lhvod] =1 3 (o yodad] =2 3 ([ah_padJad-+adu_fabat]) -
PEZ pEZ

*—Z (m —p)dL78,, p+n0a)

PEZ
— 1 J J _ J
*5( 7nam+n7nam+m) =~ N0np4n
1 J7] J
= [Lm,ozn] =—NQnin

(conservation in mode number).



2. Check: also true for n=0 and m=0.
3. [ L, b] = —1v2a’ o,
4. For m+n=0:

—_

1
(L. Ly | 52 s Oy —p Oy | = §(m—n)z Qmgn—pQp =
P P

No ordering problem when m +n # 0.

=(m—n)L!

m+n

e. [Li, L] = (m —n)Li,, when m+n#0.

How do we deal with the m + n =0 case? We can convince ourselves that the full algebra must
take the form

I:LTJ;l7L7J{} ( 7”)Lm+n+AL(m) 5m+n,0

AL(m) Om+n,0: N0 operator here: just a number. This is called conformal anomaly or central
charge. You can check that this is OK with Jacobi identities.



