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Chapter 4: Non-relativistic strings

Recall:

Figure 1. dm = µ0 dx

Oscillations only in transverse directions (i.e. y-direction). Small:
∂y

∂x
≪ 1.

⇒L =T −V

where















T =

∫

0

a 1

2
(µ0 dx)ẏ2

V =

∫

0

a

T0 dl

dl is the stretching, the additional length of the stretched string over the string in its ground

state: dl = dx2 + dy2
√

− dx≈ 1

2
· ∂2y

∂x2
dx.



















T =

∫

0

a 1

2
µ0

(

∂y

∂t

)2

dx

V =

∫

0

a 1

2
T0

(

∂y

∂x

)2

dx

Chapter 5: The relativistic point particle
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Figure 2. Light cone. World line: path of particle (it’s its classical trajectory). Parametrise with

coordinate time t as xµ(t) or with an arbitrary parameter τ as xµ(τ ). τ increases monotonously along the

path.

Note: A free particle has a world line that is just a straight line.

Try

S =−m c

∫

P

ds,

where ds = − ηµν dxµ dxν
√

and m is the invariant mass (the rest mass).

Why is this correct?

• Dimension: [S] = action=Nm s (energy integrated over time, compare
∫

dt
1

2
m v2.)

• Different Lorentz observers have to agree on the physics.

• It should reduce to the non-relativistic answer for v ≪ c.

Snon-rel =

∫

dt
1

2
m v2.

S =−m c

∫

− ηµν dxµ dxν
√

=−m c

∫

− ηµν
dxµ

dt

dxν

dt

√

dt

⇒S =−m c2

∫

1− v2

c2

√

dt
v ≪ c
≃ −m c2

∫
(

1− 1

2

v2

c2

)

dt =

=−m c2(tf − ti)�
?

+

∫

1

2
m v2 dt�

correct

The first term is not a problem, since it does not contribute to the equations of motion.

• Canonical momenta:

p≡ ∂L

∂ẋ
=

∂L

∂v
=

m v

1− v2

c2

√ : OK!

• Hamiltonian:

H ≡ p ·x−L=
m c2

1− v2

c2

√ : OK!

§ 5.2: Reparametrisation invariance

S =−m c

∫

ds =−m c

∫

ds

dτ
dτ =−m c

∫

ds

dτ ′
dτ ′
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The number S will not change under a change of coordinates. Here τ ′= τ ′(τ ) satisfying

dτ ′

dτ
> 0.

Check:

S =−m c

∫

τ1

τ2

− ηµν
dxµ

dτ ′

dxν

dτ ′

√

dτ ′=

[

dτ ′ =

(

dτ ′

dτ

)

dτ

]

=−m c

∫

τ1

τ2

− ηµν
dxµ

dτ

dxν

dτ

√

dτ .

We say that S =−m c
∫

ds is manifestly reparametrisation invariant.

§ 5.3: Equations of motion

The variational principle:

δxµ ⇒ δS =−m c

∫

δ(ds)=−m c

∫

δ
(

− ηµν dxµ dxν
√

)

=

−m c

∫

1

2

(− 2ηµν dxµδ(dxν))

− ηµνdxµ dxν
√ =

[

dxµ =
dxµ

dτ
dτ

]

=

= m c

∫

ηµν ẋµ δ(ẋν)

− ẋµẋµ

√ dτ =





δ(ẋν)=
d

dτ
(δxµ)

integrate by parts



=

Before that: − ẋµẋµ

√

=
(

ds

dτ

)2
√

=
ds

dτ
> 0, and also

dxµ

dτ
=

dxµ

ds

ds

dτ
= uµ ds

dτ

⇒ δS = m c

∫

ηµν u δẋν dτ = c

∫

ηµν pµ d

dτ
(dxν) dτ = [integrate by parts] =

=− c

∫

ηµν ṗµ δxν dτ + c[ηµνp
µ δxν]

τ1

τ2�
≡0

(The variation δxµ vanishes at the endpoints of the time interval.)

δS = 0, the bulk term:

ṗµ =
dpµ

dτ
=0: OK!

Note:

⇒ dpµ

ds
= 0 4pµ=muµ=m

dx
µ

ds d2xµ

ds2
= 0

Note:

uµ≡ dxµ

ds

{

4-vector in Minkowski space: xµ→Lµ
ν xν

scalar on the world line: changes of coordinates on the world line, τ .

ẋµ≡ dxµ

dτ

{

4-vector
“vectors” on world-line (compare ∂µ)

∂τ =
∂τ ′

∂τ
∂τ ′

also

vµ =
dxµ

dt
= (c, v)

{

not a 4-vector
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§ 5.4: Relativistic particle with charge

Recall: Lorentz force law:

F =
dp

dt
= q

(

E +
v

c
×B

)

In a relativistic formulation we need E , B→Fµν , u→uµ:

dpµ

ds
=

q

c
Fµν uν

The corresponding action:

S =−m c

∫

P

ds +
q

c

∫

P

Aµuµds

δxµ⇒ δS = 0: Lorentz force law! Aµ = Aµ(x(τ )). You have to vary the argument of Aµ, and that
yields a derivative. Please do it!

Fµν is a background (fixed field). If we want dynamics for the electromagnetic field (Maxwell’s
equations) we need to add the Maxwell term:

S = m c

∫

P

ds +
q

c

∫

P

A− 1

4c

∫

Mink.

Fµν F µν dDx

where A = Aµdxµ is a 1-form (differential geometry). Of course, Fµν depends on x, but not on
x(τ ).

{

δxµ⇒Lorentz law
δA⇒Maxwell’s equations

To vary the
∫

A part with δA, we need to make the integration go over all of Minkowski space.

∫

A→
∫

P

∫

d4x δ(x− x(τ )) A(x)

Chapter 6: Relativistic strings

§ 6.1: Area functionals

Figure 3. A soap film between two fixed rings.
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The shape of the soap film is determined by a variational principle δS = 0 where S =
∫

dA.
Parametrise the area with ξ1 and ξ2.

S =

∫

dA(ξ1, ξ2)

Call the soap surface Σ (“world surface” — this term is used when one coordinate is time), and
three-dimensional space is called the target space. Consider functions xm(ξ1, ξ2) that for each set

of values of (ξ1, ξ2) we get a point in the target space.

xµ(ξ): Σ→T

Now, let (ξ1, ξ2) take values in some range of parameters

Figure 4.







v1≡ ∂x

∂ξ1
dξ1

v2≡ ∂x

∂ξ2
dξ2
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Figure 5.

dA = |v1| |v2| sin θ = |v1| |v2| 1− cos2θ
√

=
(

|v1|2 |v2|2− cos2θ |v1|2 |v2|2
)1/2

=

=
(

|v1|2 |v2|2− (v1 ·v2)
2
)1/2

=

=

(

(

∂xm

∂ξ1

∂xm

∂ξ1

)(

∂xn

∂ξ2

∂xn

∂ξ2

)

−
(

∂xm

∂ξ1

∂xm

∂ξ2

)2
)1/2

dξ1 dξ2

§ 6.2: Reparametrisation invariance

Define the metric:

gij(ξ)=
∂xm

∂ξi

∂xn

∂ξj
δmn, where ξi =

(

ξ1, ξ2
)

⇒ dA =dξ1 dξ2 det gij(ξ)
√
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gij(ξ) is the metric on the soap film, but it is induced via the embedding xm(ξ) from the flat
metric in the background target space. gij is the pull-back of δmn.

Example: S2∈R
3:

ds2
∣

∣

S2
= dx2 +dy2 +dz2

∣

∣

S2
= gij dxi dxj

Einstein: Rµν − 1

2
gµνR = 0

S =
1

κ2

∫

d4x − g
√�

invariant

R
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