
2012–02–21 Lecturer: Bengt E W Nilsson

Recall:

General linear group: GL(n,F) where F=R,C,H.

Special linear group (det g = 1): SL(n, F). OK for F=R,C. What if F=H? We would need a
definition of a determinant that defines the order of the factors involved.

Metric preserving groups: We had G=1n×n:

R: O(n): gTGg=G

C: U(n): g†Gg=G

H: Sp(n)≡ Sp(n,H): g†Gg=G

These are all compact groups. That is implied by the metric-preserving condition. There are also
non-compact groups:

G=

(

1p 0

0 −1q

)

, sign=(p, q)

This leads to O(p, q) and U(p, q).

We also have Sp(2n,R) and Sp(2n,C): here the preserved metric is anti-symmetric.

G=

(

0 1n

−1n 0

)

Example: g ∈SL(2,R).

g=

(

a b

c d

)

, det g=1 ⇒ a d− b c=1.

Now consider g ∈ Sp(2,R).

g=

(

a b

c d

)

, gT
(

0 1
−1 0

)

g=

(

0 1
−1 0

)

⇒

(

0 a d− b c

b c− a d 0

)

=

(

0 1
−1 0

)

⇒ a d− b c=1

So SL(2,R)≈Sp(2,R). Both non-compact. Also SU(1, 1) is isomorphic to these.

|α|2− |β |2=1, α, β ∈C.

Example.

SU(2)/Z2≈ SO(3)

(previous lecture). For higher SO(n) groups we don’t have a relation to SU(n), but need a new
name: Spin.

Spin(n)/Z2≈ SO(n)

Spin(3) just happens to be SU(2). For low values of n we have:

Spin(3)≈SU(2)
Spin(4)≈SU(2)× SU(2)
Spin(5)≈Sp(2) (compact version)
Spin(6)≈SU(4)
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And that’s the end of that list. No other cases. You have to call Spin(7) by its name.

Discrete groups (subgroups of the Lie groups)

i). GL(n,Z), meaning that det g=±1.

ii) SL(n,Z) meaning that det g=+1.

iii) PSL(n,Z) = SL(n,Z)/{1,−1}. This is called the modular group. Important in string theory
and all sorts of things.

iv) O(n,Z), det g=±1. Remember the condition of being compact:

∑

j

MijMij=1 (MTM =1)

⇒M must have at most one non-zero element ±1 in each row and column.

Example: O(3,Z):





±1
±1

±1



,





±1
±1

±1



, ( ), ( ), ( ), ( )

Thus O(3,Z) has 23× 6= 48 elements. (2n×n!).

So O(3,Z)⊃S3 (or D3) ⊃A3.

Example: SL(2,Z). This has infinite number of elements.

g=

(

a b

c d

)

, a d− b c=1

Statement: for any (a, b)∈Z2 there is a unique pair (c, d)∈Z2. This follows from Euclid’s algorithm
and Bézout’s identity. For any (a, b) with gcd = 1 (a and b are coprime: no prime in common),
then Euclid’s algorithm gives us one (c, d) pair.

Example: (a, b)= (17, 5). Then

17=3× 5+2
5= 2× 2+ 1 (gcd )

Then 1 = 5 − 2 × 2 = 5 − 2 × (17 − 3 × 5) = −2 × 17 + 7 × 5. Then (c, d) = (−2, 7), satisfying
a d+ b c=1.

Other discrete cases Fp. Galois number fields. GL(n,Fp), det g � 0.

Lie groups are differentiable manifolds. SU(2)≈S3. Can we get a metric on these groups?

A canonical metric: with g ∈G:

ω= g−1 dg

g= g(xi).

SL(2,R), a d− b c=1⇒ 3-dimensional manifold.

ω=dxi(	 )i

This is called a Maurer-Cartan form.

ds2=−
1

2
Tr(ω2)
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Use this also on cosets: G/H and H is not invariant (SO(8)/SO(7)≈S7). Metric on S7:

ω= gD g, D=d+A, A∈LieH

ds2=−
1

2
Tr(ω2)

Example: SU(2)≈S3. There is a U(1) subgroup. SU(2)/U(1)≈S2. This is the same as saying that

S3/U(1)≈S2. That is called Hopf fibration. S3=S2×twU(1): you need to twist the product. That’s
the thing you do with the A in the covariant derivative:D=d+A where A is a monopole of charge 1.

In fact: S7=S4×tw S3 instanton of charge one.

Chapter 4: Lie Algebras

Lie groups are rather trycky objects depending a lot on the choice of coordinates. Issue: how do
we determine whether two Lie groups are isomorphic or not? Isomorphic means

i) topologically the same

ii) composition rules must be the same.

This is difficult to use: Reason: (ii) is a very non-linear problem.

Example: SL(2,R)

g=

(

1+ x1 x2

x3
1+x2x3

1+x1

)

, det g=1+ x2x3− x2x3=1

g(x) g(y)= g(z), zi= zi(x, y)

These are very non-linear. Exercise: get them!

Can we simplify the situation? Try to linearize the problem: Let xi→ δxi small.

Note g(0, 0, 0)=
(

1 0
0 1

)

.

Expand g to first order in δxi:

g≃

(

1+ δx1 δx2

δx3 1− δx1

)

+O(δx2)=

=

(

1 0
0 1

)

+ δx1

(

1 0
0 −1

)

+ δx2

(

0 1
0 0

)

+ δx3

(

0 0
1 0

)

+O(δx2)

So close to the identity element 1= g(0, 0, 0) we have obtained three matrices:

T1=

(

1 0
0 −1

)

, T2=

(

0 1
0 0

)

, T3=

(

0 0
1 0

)

called the generators of SL(2,R).

Ti=
∂g

∂xi

∣

∣

∣

∣

(0,0,0)

⇒[T1, T2] =

(

1 0
0 −1

)(

0 1
0 0

)

−

(

0 1
0 0

)(

1 0
0 −1

)

=

(

0 1
0 0

)

−

(

0 −1
0 0

)

=2T2







[T1, T2] = 2T2

[T1, T3] =−2T3

[T2, T3] =T1
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Lie algebra of SL(2,R), called sl(2,R).

Example: SU(2). In Euler angles α, β, γ:

U(α, β, γ) =







e
−

i

2
(α+γ)

cos
β

2
−e

−
i

2
(α−γ)

sin
β

2

e
i

2
(α−γ)

sin
β

2
e

i

2
(α+γ)

cos
β

2







The unit element is at α= β= γ=0: U =
(

1 0
0 1

)

.

Try to get the generators as

∂U

∂α

∣

∣

∣

∣

(0,0,0)

But at β=0, α and γ appear in the same way.

⇒
∂U

∂α
=

∂U

∂γ
at (0, 0, 0).

So here we find only two of the three generators. Reason: α, β, γ are bad coordinates at the origin.

Find another set of coordinates:

SU(2): g=

(

α β

−β̄ ᾱ

)

, |α|2+ |β |2=1

⇒

{

α= x+ i y
β= z+ iw

⇒x2+ y2+ z2+w2=1















x= sin θ1 sin θ2 cos ϕ
y= sin θ1 sin θ2 sin ϕ

z= sin θ1 cos θ2
w= cos θ1

,

{

ϕ: 0→ 2π
θ1, θ2: 0→π

Now we have to check where the unit matrix sits.

(

1 0
0 1

)

is at θ1= θ2=
π

2
, ϕ=0

⇒x=1, y= z=w=0.

∂U

∂θ1

∣

∣

∣

∣
(

1 0

0 1

)

=





0 i
∂w

∂θ1

i
∂w

∂θ1
0



=

(

0 i
i 0

)

= iσ1

∂U

∂θ2

∣

∣

∣

∣
(

1 0

0 1

)

=

(

0 −1
1 0

)

=−iσ2

∂U

∂ϕ

∣

∣

∣

∣
(

1 0

0 1

)

= iσ3

(

∂z

∂θ2
: z→−z ⇒−iσ2→+iσ2

)
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Denote Ji= iσi

[Ji, Jk] =−2εikj Jk

using that [σ1, σ2] = 2 iσ3 etc.

This is the SU(2) Lie algebra!

In Sakurai they talk about T a =
1

2
σa. Then [T a, T b] = i eabcT c. These are Hermitian. The Ji are

anti-Hermitian.

Example: SO(3). Rotations around the z-axis (or in the xy plane):

R=





cos φ −sin φ 0
sin φ cos φ 0
0 0 1



≃





1
1

1



+ φ





0 −1 0
1 0 0
0 0 0



+O(φ2)

This works for any rotation in any plane, in any dimension. The xy generator

T 3=T 12 =





0 −1 0
1 0 0
0 0 0





or

(T 12)kl=−2 δkl
12

δkl
ij≡

1

2

(

δk
iδl

j − δk
j
δl
i
)

In general

(T ij)kl=−2 δkl
ij

In three dimensions we can use the notation with rotation axis rather than rotation plane:

(T i)kl∼ εikl

The Lie algebra:

[T ij , T kl] = 4δ[k
[i
T l]

j]

Exercise: Check!

A better definition for SO(N) is

(M ij)kl= δkl
ij

⇒[M ij ,Mkl] =−8 δ[k
[i
M l]

j]

In physics (General Relativity) we use covariant derivatives with spin connections: ωµ∈Lie algebra

of SO(N). Acting on Lorentz vectors: ωµ
k

j V
j = ωµij(M

ij)k lV
l. Now it is conveniant to have

defined (M ij)k l without any strange factors.

The SO(3) Lie algebra for the T a’s:

[T a, T b] =−εabcT c

This is identical to SU(2) Lie algebra. But the T a are now real 3× 3 and antisymmetric, i.e. anti-
hermitian like the Ji in su(2) above related by −

1

2
to Ji=+

i

2
σi.
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