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Today procedure of gauging or Yang Mills theory
(Important in particle physics.)
Lecture 10:
n g ,
L= kz::l 5 (O Mo —m? Vi)
In matrix notation:

L= %(augoT@“ e —m2pTy)

has O(n) symmetry: ¢ — ¢’=0 ¢ where O is an O(n) matrix.

But £ is invariant only if all rotation angles are the same everywhere in spacetime. From a gen-
eral relativistic point of view, this is a bit unnatural. It would be more natural if O =O(z,t) =
arbitrary O(n) matrix function on spacetime. This can be arranged, by modifying the action.
The procedure called “gauging the O(n) symmetry”, or “making the O(n) symmetry local”.

The mass term is already gauge invariant.
T — "0 (2) O(x)p=¢Tp
The problem is the kinetic term, the time derivative terms:
0up— 0, (0() p)=0,,0+00,.p

Here we have a problem term, O ,¢.

Remedy: Introduce an n x n matrix of vector fields B, transforming under O(n) gauge trans-
formations as B, — B, =0 B,0~*+0_,0~" and define covariant derivative D,

Duwp=0,—Bye = Duyp—0,p+00p—(0B,0 '+0,0"1)0p=0 (0up—B.p)=
=0D,p
= (D, (p)T(D”gD) is gauge invariant
So we have managed to make £ gauge invariant, now £ = %(Dutp)T(DWp) — %mQ@T@.
Remark: In this example O~'=07 and 0=0(00~1)=0,_,0"'+0 (071) ,..
(By)T'=(0B,0"'+0,0 )" = (B}) =0BT0"'~0,,07!

B,, can be chosen antisymmetric n X n matrix.

Remark: In this example the symmetry was O(n), but the same procedure works for any con-
tinuous symmetry.

Example: Suppose % is a complex n-component vector field and £ = auwaw — m?yly =
> i (0u0% 0Mpy —m2ji by ). Then L is invariant under unitary transformations.

b =U



where U is a unitary n x n matrix, UTU = 1. Same procedure, gauging, applies in this case,
except now the matrix B, should be chosen antihermitian B;‘L =-DB,.

Back to the orthogonal case. In L(¢, ¢, B,) the B, occurs only undifferentiate, is therfore not
dynamical. But it is possible to add gauge invariant kinetic energy terms to L.

We had: ¢ —O¢, D, ,0—0D,o=0D,0"YO¢). Hence D,—OD, 0~
(D#HOD“O*HOO’D#O’AO*: (00"D, (00’)‘1)
But note that the derivative operator here acts on O~! and then further to the right.
=D,D,-D,D,=[D,,D,]—0O[D,,D,]O™*
but here no derivatives act on O~1.
[D#, D,,] = [(9# — By, Oy — B,,] - ((%Bl, - &,B# - [Bw BU]) - GW

B,, = gauge field potential
G, = gauge field strength

Lorentz invariant object with B derivatives:
[D,, D,)[D*, D" =G, G* - O0G ,,G" O~ !

tr([Dy, D,]J[D*, D"]) is gauge invariant and Lorentz invariant and can be added to the Lag-
rangian. Then fianlly one arrives at the Lagrangian density

1 1 T 1 5
L pvy L By — =
L 547 tr(G G )+2(D#<p) (D*y) 5P

This is called Lagrangian for an O(n) Yang-Mills theory.

Example: n=2.
-1
B,= 1 A,=FA,
where FE is the 2 X 2 matrix ( (1J _01 ), and A, is a vector field.
Gu=0uA, -0, A )E=F, FE
-1

1 v 1 v 17 17
g7 (G ) = = 5 (Oudy = D) (91AY — O AM) = T Fy P

1 1
3(Due) (D) =5(ehut ¢ B AL) x (¢ = E Alp) =
1 Tou T m 1 w, T
=§au<p oo — @, EpA —|—§AHA plp

This £ describes electrodynamics with charged scalar field instead of charged particles, and the
electromagnetic current = the N6ther current of the O(2) symmetry.



Remember dp =¢ E¢ and L(p, ¢ ., Ay) invariant:
. T
Ju=1, Ep=(D.p) E(p:((p?;t—i—(pTEAM)Ecp:
=pLEp—¢Tp A,

5 0L _ oL
94, 0A,

1 , .
?((LF“ :7‘]“‘

More standard notation: F'— g F', g—e.

Definition: set of all O(n) transformation, i.e. set of all orthogonal n x n matrices, OTO =1 is
called the orthogonal group in n dimensions, denoted O(n).

Mathematical definition of a group:
A group G is a set with the properties

1. A composition law, o, which to any ordered pair of elements in GG, a € G, b € G associate a
third element c=aob (the product of a and b).

2. ao(boc)=(aob)oc: the associative law.
3. G contains a unique unit element e such that Va € G: eca=aoe=a.

4. Ya € G,3 unique a~ '€ G, such that aca " !=a"loa=e.



