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L1. Repetition of Newton’s Form of Mechanics.

〈fig1〉

The particle’s position is described by position vector r(t)= (x(t), y(t)).

d

dt
r(t)= ṙ(t)= velocity vector

p = m v(t)= particle’s linear momomentum

Newton 2:

d

dt
p≡ ṗ =F

Almost always ṗ = m r̈ .

In Cartesian coordinates there is one equation of motion for each degree of freedom.







m ẍ = Fx

m ÿ = Fy

Particle systems

Newton 2:

m r̈i = Fi, i =1,� , N , where N is the number of particles.

Fi = Fi
ex +

∑

j� i

Fji

Newton 3: Fij + Fji = 0: law of action and reaction (weak form). The strong form has the addi-

tional requirement (ri − rj)×Fji =0. 〈fig2〉

Conservation laws:

Momentum : P =
∑

i
pi

Ṗ =
∑

i

ṗi =
∑

i

(

Fi
ex +

∑

j� i

Fji

)

=
∑

i

Fi
ex ≡F ex

Ṗ =F ex — fundamental in rigid body mechanics.

Special case: for isolated systems P (t)= constant.

Angular momentum : L =
∑

i
Li =

∑

i
ri × pi =

∑

i
mi ri × ṙi.

L̇ =
∑

i

mi

(

ṙi × ṙi�
=0

+ ṙi × r̈i

)

=
∑

i



ri ×

(

Fi
ex +

∑

j� i

Fji

)





∑

i,j
i� j

ri ×Fji = [Newton 3] =−
∑

i,j

ri ×Fij =−
∑

i,j

rj ×Fji =
1

2

∑

i,j

(ri − rj)×Fji =0
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according to the strong form of Newton’s third law.

L̇ =
∑

i

ri ×Fi
ex ≡

∑

i

τi
ex = T ex

For an isolated system the total angular momentum is constant in time.

Energy for one particle:

Newton 2: m r̈ = F .

T ≡
1

2
m ṙ2 ⇒ Ṫ = mr̈ · ṙ = F · ṙ

T (t2)−T (t1) =

∫

t1

t2

F ·
dr

dt
dt =

∫

t1

t2

F · dr = W12

If F is conservative; i.e., F =−∇V (r), then

∫

t1

t2

F · dr =−

∫

t1

t2

∇V (r) · dr =− (V (r2)−V (r1))

⇒T2 +V2 = T1 +V1 = E = constant in time.

There are three equivalent criteria for conservative forces:

1. F =F (r) =−∇V (r)

2. F =F (r) and
∮

i
F · dr =0.

3. F =F (r) and ∇×F = 0. (And the region has to be simply connected.)

Potential for particle systems

T2 −T1 =

∫

t1

t2 ∑

i

Fi · dri =

∫

t1

t2 ∑

i

dri ·

(

Fi
ex +

∑

j� i

Fji

)

Assume Fi
ex =−∇iVi

ex(ri) and Fji =−∇iVi(ri − rj)

Newton 3 (weak): 0= Fji + Fij =−∇i(Vi(ri − rj)−Vj(rj − ri))

Vi(ri − rj)= Vj(rj − ri)

Newton 3 (strong): Vi =Vi(|ri − rj |)= Vj(|rj − ri|).

Example: if all particles are similar and all Vi’s are the same

Fi
ex =−∇V ex(ri)

Fji =−∇iV
int(|ri − rj |)

then

E =
∑

i

Ti +
∑

i

V ex(ri) +
1

2

∑

i,j
i� j

V int(|ri − rj |)
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Example: gas of electrons.

Towards rigid body mechanics.

For a particle system, define the centre of mass coordinates R and the coordinates relative to
the centre of mass.

R =

∑

i miri
∑

k
mk

=
1

M

∑

i

mi ri

⇒M R =
∑

i

mi ri

MṘ =
∑

i

miṙi =
∑

i

pi = P

MR̈ = F ex

ri = R + ri
′ (this defines ri

′)

〈fig3〉.

∑

i

mi ri
′= 0

L =
∑

i

mi

(

R + ri
′
)

×
(

Ṙ + ṙi
′
)

=

∑

i

(

miR× Ṙ + miR× ṙi
′�

=0

+miri
′×R�

=0

+ mi ri
′× ṙi

′

)

= M R× Ṙ +
∑

i

miri
′× ṙi

′

The angular momentum of the system equals the angular momentum of a particle at R of mass
M , plus the angular momentum due to motion relative to the centre of mass.

T =
1

2

∑

i

miri̇
2 =

1

2

∑

i

mi

(

Ṙ + ṙi
′
)

2

=
1

2

∑

i

(

miṘ
2 +mi · 2Ṙ · ṙi

′�
=0

+ mi(ṙi
′)

2

)

=

=
1

2
M Ṙ

2 +
1

2

∑

i

mi(ṙi)
2

Kinetic energy for system = kinetic energy for a particle of mass M at R + kinetic energy due
to motion relative to the centre of mass.

T and L for a rigid body:

For a rigid body ṙi
′ = ω × ri

′, where ω is the rotation vector of the rigid body, a vector pointing
along the rotation axis, of length = angular velocity.

〈fig4〉

T =
1

2
M Ṙ

2 +
∑

i

1

2
mi(ω × r ′)

2 =
1

2
MṘ

2 +
∑

i

1

2
mi

(

ω2
(

ri
′
)2

−
(

ω · ri
′
)2
)

=

=
1

2
M Ṙ

2 +
1

2

∑

a∈{1,2,3}
b∈{1,2,3}

ωa Iab ωb

3



This is the definition of the inertia tensor Iab.

Iab =
∑

i

mi

((

ri
′
)

2 δab − ria
′ rib

′
)

= inertia tensor with respect to the centre of mass.

Special case: If the axis of rotation is fixed, ω̂ is fixed (ω =ω ω̂), then

T =
1

2
M Ṙ

2 +
1

2
I ω2

where I = ω̂a Iab ω̂b.

Similarly for L:

L = R×P +
∑

i

mi(ri × ṙi) =
∑

i

mi

(

ri
′×
(

ω × ri
′
))

=

=
∑

i

mi

(

(

ri
′
)2

ω − ri
′ (ri

′ ·ω)
)

La = (R×P )
a
+
∑

b=1

3

Iab ωb
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